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Several techniques fo r  modeling the  disturbances t o  a space- 

craft's a t t i t u d e  caused by moving crcv d r s  u e  presented. 

disturbances can be the  l a rges t  moments ac t ing  on a manned space- 

craft, and knovledge of t h e i r  e f f ec t  is important i n  t h e  s iz ing ,  

design, end anslysis/simlation of spacecraft attitude cont ro l  

systems. 

These 

The modeling techniques are iden t i f i ed  aa two pr inc ipa l  types: 

determinis t ic  and s tochast ic .  

presente,.. 

der ivat ives  and a discussion on dynamic models of moving crew members. 

The s tochast ic  t -chniques are hi-ighted by a Fourier transform 

mthod end the representation of long-term crew disturbance a c t i v i t i e s  

as outputs f r o m  approDriately designed filters. 

is  developed t o  obtain a difference-equation form of s tochas t ic  models 

f o r  use on d i g i t s l  corcputers. 

Three techniques of each type are 

The determinis t ic  models include point-mass motion 

A z-transform technique 

An appendix derives spacecraft  equations of motion which can be 

used with many of the lpodels discussed. 
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INTRODUCTION 

Advances i n  manned space f l i g h t  have l ed  t o  t h e  par t ic ipa t ion  

of man as a useful  par t  of missions involving t h e  carrying out of 

sophisticated experiment programs. 

success of missions requir ing maximum use of h i s  capab i l i t i e s  as an 

observer, operator,  repairman, or subject.  H i s  presence i n  space, 

however, i s  not without i t s  penal t ies  (which should be more than 

o f f se t  by i ts  advantages). 

at  s ign i f icant  costs  i n  weight and spacecraft  complexity. Other 

spacecraft  systems must be made highly r e l i a b l e ,  and redundancy 

provided, i n  order t o  insure t h a t  man w i l l  re turn from h i s  missicx. 

Again, cost  i n  weight and complexity are incurred. Final ly ,  man by 

h i s  presence imposes a disturbance environment on the  spacecraft  

which could hinder the carrying out of cer ta in  exgeriment tasks. 

The expected dynamic env i rouen t  i s  of primary importance i n  the  de- 

sign and analysis  of any spacecraft  s tab i l iza ion  and ccntrol  system. 

For an o r b i t a l  spacecraft, external  disturbances can ba caused by 

aerodynamic  force^, gravi ty  gradient torques,  o r  meteoroid impacts , 
f o r  example. The internally-generated disturbances a re  due t o ,  for 

example, ro t a t ing  component imbalance, mass (cargo o r  equipment) s h i f t s  

or transfers, or as mentioned above, by motions and actions of the  crew 

members. 

He can now contr ibute  t o  t he  

Life  support systems must be provided, 

Crew motions can produce some of the l a rges t  disturbances act- 

ing on a manned spacecraft .  These motions can include res t ra ined  

1 



a c t i v i t i e s  (where an astroriaut is performing tasks a t  a console, fo r  

example), o r  t r ans l a t ion ,  where the  astronaut may be movipr - 
point t o  another within the spacecraft .  

a crew member i s  i n  contact w i t h  t h e  spacecraf t ,  disturbance mcnents 

a re  generated. This dynamic in te rac t ion  of man with h i s  spacecraft  

requires  t h a t  the  a t t i t u d e  control  system be designed t o  take i n t o  

account the  disturbance torques a r i s ing  from t h e  man's motion within 

the  vehicle. 

Early work 011 -odeling crew motion dis twbances w a s ,  i n  general ,  

confined t o  s imple  representations of motions within a spacecraft  

( see  r e f s  1-5) as instantaneous or  (usual ly)  constant veloci ty  

t rans la t ions .  This type of modeling is  best  sui ted t o  rigid-body 

s iacccraf t  considerations, as there  i s  no discre te  frequency content 

expressed i n  t h e  movements. Also, no treatment of t h e  res t ra ined  

crew a c t i v i t i e s  i3 afforded. 

Subsequent invest igat ions have resulted i n  t h 3  modeling of crew 

disturbance forces and moments as s tochast ic  processes (see r e f s  6-8) 

with f i n i t e  band-width , so t h a t  frequency domain control  system res- 

ponse problems can be explored. 

More recent ly ,  determininstic modeling of astronaut body motions, 

arid the  resu l tan t  disturbance forces and moments, has been car r ied  

out by Kurzhals and Reynolds (ref.  9, Appendix B )  using models of t he  

human body developed by Hanavan ( r e f .  10) and modified by Woolley 

( r e f .  9, Appendix A) .  

-,.A 

As motion occurs kikile 
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This thesis focuses on some of the modeling xcchniques devel- 
oped to date, and indicates some logical extensions to some of 

these. In particular, since much analysis and simulation work is 

carried out by high-speed digital computers, the modeling of sto- 

chastic processes in this domain is deemed important; development 

of difference-equation descriptions of a stochastic crew motion 

model is presented as a potentially powerful technique for computer 

applications. 

TYPES OF CREW MOTION DISTURBANCE MODELS 

Two types of astronaut crew disturbance models will be considered 

herein: deterministic and stochastic. The deterministic models are 

completely specified as functions of time, and may range from 

representations of simple point-mass motions to sophisticated dynamic 

human body models. The stochastic models will generally be reg. , ed 

by their statistics (e .& statistical moments) and frequency cxteat 

or bandwidth. 

Deterministic models will be considered first. 

DETERMINISTIC MODELS 

-- Srew Motions Represented by Moving Point Masses 

AB pointed out in tke Introduction, one method of representing 

crew motion disturbances is to treat one or more crew members a6 

point masses, and allow thia mass (masses) to transl2te within the 

spacecraft, 

dynamic analysis is to consider only a single mass (which could 

The simplest means of implementing thu method in a 



represent any number of crew) and examine the  e f f ec t s  of i t s  

motion about the  spacecraft .  Appen3ix A describes the der ivat ion of 

t h i s  approach. 

( e i t h e r  simultaneously or  i n  series),  modification of t3e basic  

equations given i n  t h e  Appt.,dix must be made. F9r i mLsses, i=l,. . . 
t o t a l  number of moving masses to be considered (n), define 

To include t h e  e f f ec t s  of separate masses i n  motion 

1 Equations (A361 of t h e  Appendix would then be writ ten as 

4 



+ [ @.IO %( x x - I  xy w y - TZWI) - wx ( v 2  - I X P X  - WY)] \ 
(2) 

brits and products of inertia in the above equations are given by 

n 
IX = I x,o +E Qi (y; + zf) 

if1 

n 

1 Y = I Y . 0  + Qi (xt + 2;) 

i=l 

n 

IZ = 1 2.0 + Qi(xiz + yi2) 

i-1 

5 



n 

I X Z  = IXZ.0 + c f xizi 
i=l 

n 

i=l 

The inert ia  tine derivatives are given by 

it1 
n 

i=l 

i=l 

i=l 
n . e 

i=1 

n 0 

i=l 

For these equations, the position tine histories for t h e  n separate 

m~sses must be specified. 
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Crew Motions Represented by a Dynamic Model of Man 

In t h e  previous sect ion,  vhere a crewman w a s  treated simply 8 s  a 

point mass, no condideration was  given t o  t h e  fact t h a t  man possesses 

local momnts of  i n e r t i a ,  and ar t icu la ted  bociy segments which, by 

t h e i r  motion, result i n  t h e  generation of l o c a l  forces  and moments. 

A mre sophis t icated ffieans of modeling crew motions i s  through 

t h e  use o f  mathematical equations describing the  motion of these 

a r t i cu la t ed  body members. 

demonstrate t h i s  concept. 

A simple example w i l l  be used t o  

If it is assumed t h a t  an astronaut is i n  contact w i t h  the  spacecraft  

at his feet (see  f igure  l), then any forces  and moments he generates 

by movi&various pa r t s  of h i s  bo* w i l l  be transmitted t o  the  

spacecraft through t h i s  point of contact.  

.ted in figure 1 i s  r ig id ,  w i t t  t h e  capabi l i ty  of moving h i s  right 

arm i n  t h e  yz-plane. 

allowiw it t o  move through t h e  angle 

required to produce t h e  mavement are given by 

Assume t h a t  the  man depic- 

Considering the  right arm t o  be r i g i d ,  and 

8 ,  force and moment components 

.I 

r n Z  Fz = a cm m 
.. 

-I 0 
S 

Mx = a m 

7 



Figure 1 - Schematic of dynamic model of man in 
ccntact with spacecraft. 



where 

Ycm = a s i n  8 

D I  I. 

The quant i t ies  Ycm and Zcm can be expressed as  functions of 8 

and its derivat ives  as 

It can be seen t h a t  expressing the mgle €3 as a function of 

t i m e  a l l o w s  t h e  computation of t he  forces and moments required t o  

produce t h i s  pendulum-like motion, and hence (s ince t h e  astronaut is 

i n  contact w i t h  the  spacecraf t )  the react ion forces  and moments 

act ing on the  spacecraft .  

*e 
' I 8  a 

S S 
Mx 

Simi lar  expressions can be obtained f o r  movements of other body 

members. For move complex motions ( lldouble-pendulum" arm movements, 

9 



for  exrrtple), transformations t o  a s ingle  reference axis system are 

required. 

of equations f o r  describing the  notion of a nine-segment model of 

man. 

of m e r  angles describing t h e  or ien ta t ions  of t he  nine body segments; 

from these inputs  applied forces and moments are obtained. 

Appendices A and B of reference 9 present t h e  development 

Inputs required f o r  the  use of t h i s  model are time h i s t o r i e s  

The dynamic model developed i n  reference 9 may also be wed for 

an aatronaut moving v i t h  respect t o  a spacecraft  (88 i n  t h e  perform- 

ance of t r ans l a t iona l  "soaring" maneuvers, f o r  example). 

type of appl icat ion,  equations describing the  motion of h i s  center- 

of -mass with respect t o  t h e  spacecraft  are required, i n  addition t o  

the  m e r  angle h i s t o r i e s  fo r  t h e  body segments. 

For t h i s  

One method of  def ining the  motions of t h e  model segments is t o  

record the  segment motions of an actual  subJect performing typ ica l  

a c t i v i t i e s .  T h i s  can be done by taking motion pictures  and 

extract ing t h e  required informatio.? from the  resu l t ing  film 

data (see, f o r  example, reference 11. ) 

an exoskeletal  device such as described i n  references 12 and 13, 

can be made. 

segments permit t h e  recordicg of r e l a t ive  segment motions on magnetic 

tape or  punched cards. 

transformations t o  reference co-ordination systems, can then be used 

t o  generate applied force and moment h i s t o r i e s  f o r  input t o  space- 

c r a f t  control  system analyses. 

More d i r ec t ly ,  use of 

Potentiometers at the j o i n t s  between pr inc ipa l  body 

These motion h i s to r i e s ,  with appropriate 

10 



Crew Motions Represented by Their 
Force and Moment Histor ies  

For control systems analyses and simulations, it i s  generally 

most convenient t o  represent crew disturbance inputs as forces and 

moments along o r  about t he  spacecrafts axes. This can be accomplished 

( f o r  res t ra ined a c t i v i t i e s )  by at taching a subject t o  force and moment 

measuring transducers, and recording the  outputs of the  transducers 

as the subject performs typ ica l  tasks. 

balance are devices which can be used t o  obtain the force and moment 

Load c e l l s  o r  a strain gage 

histories. A load c e l l  arrangement which has been used successfully 

i n  both laboratory and f l i g h t  experiments i s  shown i n  Figure 2. 

array features essent ia l ly  equal s ens i t i v i ty  for  both forces and 

moments wi th  respect t o  a l l  axes. 

This 

The resolved forces and moments 

are given by the following equations ( taking load c e l l  compression 

as a posi t ive force) :  

Fx = sin 45' [ F l  - F6 + s i n  30' (Fz - Fj+ F4 - Fs) ] 

F = s i n  45' s i n  60' (- Fz + F3 + Fc - Fs) 
FZ Y s i n  45' 0 (F1 + F2 + F3 + F b  t F5 0 + F6 ) 

Mx = s i n  45 

M = s i n  45' (k3) 

1 1 5 )  
(ki) [-Fi - F6] + s i n  45 (k2) [Fz + F3 + Fs + F 5 1 

(-F2 - F3 t Fs + Fs) Y 
= Sin 45' (ki) ( - F2 + 2'3 - F4 + Fs - F6) *Z 

11 



Sensing Platfarm 

Figure 2 - Load cell array for experimental force 
and moment measurement. 

12 



I n  simulating (on ea r th )  t h e  forces and moments caused by a 

moving crew member, t h e  introduction of ce r t a in  moment contributions 

fYom a subgect's center of gravi ty  s h i f t  may occur. Consider figure 

3 representing a subject whose disturbance forces  and moments (from 

typ ica l  limb movements) are being measured. 

The applied forces  and momenta are measured with respect t o  t h e  

point 0, which i s  on t h e  2' axis. When t h e  subject moves a pa r t i cu la r  

body member so as t o  cause h i s  t o t a l  c.g. t o  s h i f t ,  a moment about t h e  

point 0 w i l l  be produced by any motion of the c.g. other  than along the  

z axis.  

times t h e  dis tance through which .ne c.g. t r a v e l s  i n  the x-y plane. For 

example, i f  t h e  subject raises h i s  arm over h i s  head, his t o t a l  c.g. w i l l  

move along t h e  (-x) axis ,  c rea t ing  a gravi ty  moment about the y-axis equal 

t o  the  -x * W. Similarly,  i f  he holds h i s  arm a t  a 135' angle with re- 

spect t o  h i s  t o r so  ( i n  t h e  x-y plane of f igure  3 ) ,  moments about t h e  y- 

and x-axes w i l l  be produced. 

T h i s  moment w i l l  be equal t o  t h e  s t a t i c  weight of t h e  subject  

There are several  methods by which these gravi ty  moments can 

be mechanically eliminated from t he  data. These methods consis t  of 

supporting various body members t o  exactly balance out the  gravi ty  

force. Such arrangements as suspension s l ings  and underwater neut ra l  

buoyancy weighting are two examples. However, it is  not always prac- 

t i c a l  t o  provide these mechanical supports ( f o r  reasons of avai lable  

space o r  cos t ,  for  example). It would thus be desirable  t o  analy- 

t i c a l l y  remove these gravity-produced moments from resu l tan t  

13 



- Note: Origin of X '  Y '  2 '  
system at man's cog. 

- t  
Z 

Figure 3 - Schematic of subject force and 
moment measurement. 
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disturbance da ta ,  keeping i n  mind, of course, t h a t  t h e  presence of 

gravi ty  cannot be eliminated and w i l l  therefore  inherently a f f ec t  

t h e  w a y  i n  which simulated motions are performed. 

mathematically subt rac t ins  out gravi ty  moments consis ts  of 

instrumenting a subject with an exoskeletal  device which measures 

a l l  l i m b  ro ta t ions  (as described i n  a previous sec t ion) ,  These 

ro ta t ions  can be used, along w i t h  mass and center  of gravi ty  da ta  

for  each limb, t o  compute the  amount of overa l l  c.g. t r a v e l  due 

t o  t h e  a r t i cu la t ion  of one o r  more limbs. This  method has been 

used ( r e f .  13) with results ranging from fair  t o  good. 

cases were perfect  f i t s  obtained, however, s ince the  limb motion 

measuring device could not be f i t t e d  t o  measure every conceivable 

body member motion. 

One method of 

I n  no 

Another method of reducing applied moment and force da ta  t o  

eliminate gravi ty  contributions is described i n  t h e  following 

analysis.  

system orientat ion;  t he  or ientat ion shown i n  f igure  3 w i l l  be select-  

ed, t h a t  i s ,  gravi ty  forces  a r e  exerted i n  t h e  +z direct ion.  

For t h i s  der ivat ion it i s  necessary t o  assume an axis 

As t h e  subject performs various motions, forces and nroxents are 

produced at the  point 0 i n  the  force measuring uni t  (which could 

consis t  of load cel ls  or  a strain-gage balance). These forces and 

moments arc  measured, and are as follows : 

15 



FX = Fx measured actual 

F = F  
Ym Ya 

= F  + w  
Z m a FZ 

MZ = MZ 
m a 

Since the  subject is i n  contact w i t h  the  force measureing u n i t ,  

there i s  exerted on the  subject equal and opposite react ion forces 

which produce accelerat ions of t he  body c.g. 

.. 
=-Fx = mSxc,g. 

subject m FX 

.. 
I. 

The mass of the subject is simply equal t o  h i s  weight divided 

by t h e  acceleration of gravi ty  constant : 

w m = A  
S 

(18) 

a 

16 



To compute the  c.g. t r ave l  then, a double integrat ion of t h e  forces  

mey be used. 

Since the  subject will normally begin all simulation sequences 

from some ca1-ibiated rest posi t ion,  the i n i t i a l  ve loc i t ies  and 

desplacements of the  c.g .  can be taken as 3. Thus 

The correction f o r  c.g. s h i f t  would then be wri t ten as follows 

M X = M x  F et 3t 
a measured 

M =: 14 - W "'y,+ ${j Fx d t  dt 
'actual Yrll '*g. m 

= M  
actual  'm MZ 

17 



Remember t h a t  these corrections are fo r  the  ptirtll ar axis system 

or ien ta t ions  assumed. It is seen t h a t  t h e  math, IE ,;tal correction 

i s  independent of subject weight (which appears i r ip l ic i t ly  i n  t h e  

var iab les )  and dependent on t h e  - 1'1 ectivt: gravi ty  accelerat ion Fm 
constant a t  the  locat ion of t h e  simulstinn. The correction equations 

could be used a t  any ieve l  of apparent gravi ty  by proper adjussment 

of g. Thus, i n  a zero-g orbital. environment, where g-avity 

acceleration i s  exactly couterbalanced by centr i fugal  force,  t h e  

e f fec t ive  g would be zero, and measured moments would be those 

w t u a l l y  produced by t h e  crev motion. 

18 



I n  many areas of spacecraft controlsystem analysis,  there 

is e i t h e r  no requiremest for  deterministic representations of crev 

disturbance forceE and moments, o r  t h e i r  use m i & t  be unvieldy. 

Instead, t he  disturbance forces and monents can be represented by 

other  charac te r i s t ics ,  such as f’requency content or statistical 

moments. The so-called s tochast ic  crev motion disturbance d e l s  

can be used in t h e  time domain f o r  control and pointing system 

simulation analyses, or i n  the  frequency domain for system s i z ing  

or s t ruc tu ra l  analysis  problems. 

Fourier Series Representation of Force and Moment Histor ies  

If t i m e  histories of s i m l a t e d  crew motion disturbance forces 

and m m t s  are available ( f o r  selected a c t i v i t i e s ) ,  then a Fourier 

series representation of each force  and moment h is tory  can sometimes 

conveniently be obtbined- 

For a force (or moment) his tory,  F ( t )  over a t i m e  i n t e rva l  t = 0 t o  

t, = ti 

(n f 0, 1, 2, ... ) t o  obtain the  Fourier s e r i e s  

there  can be derived Fourier coef f ic ien ts  An and Bn 

0 

cos n w o t  + Bn s i n  nuot] ( for  0 5 t 5 t f )  + C [An 
*O f ( t )  = 2 



where 

for n = 0 ,  1, 2, . . .OD (23) 
ti 

= 2 1 F (t) cos mot d t  

0 

and 

Bn = tf  1 F (t) sin wot d t  for n = 0 ,  1, 2, . . .= (24) 

0 

is t he  fundamental frequency of t he  series and 
"9 

The qria2t i t y  

n is t he  harmonic of this flmdamental frequency. In ac tua l  prac t ice ,  

n would have sane f i n i t e  l imi t ,  uhich would depend, i n  pa r t ,  on the 

error limits desired between the  Fourier series and the  o r ig ina l  data. 

The fundamental frequency wo is taken t o  be 

A set of s i x  Fourier series con thus be obtained fo r  t h e  force 

and moment time h i s to r i e s  representative of a given period of crew 

ac t iv i ty .  A constraint  which should be noted is 

A non-zero in tegra l  would tend t o  produce a n e t  change i n  momentum 

of the  man-spacecraft system, if t he  force and moment models were 

applied t o  an a t t i t ude  control system simulation for example. 
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In addition, it should be assumed t h a t  t he  a c t i v i t y  would be 

i n i t i a t e d  f b m  (and return t o )  some condition of rest, i .e .  ne t  forces  

and moments equal t o  zero. This condition requi res the  additional 

constraint  t h a t  

n = l  fo r  vhatevtr  B chosen. 

In  pract ice ,  t he  number of Fourier coef f ic ien ts  required (i.e. t h e  

value of li) may be qui te  la rge  t o  give a good approripation to 

zseasured data, unless t h e  measured w a v e  form is periodic v i t h  a 

re la t ive ly  sapall bandwidth. 

prrent h i s to r i e s  are such that the  foregoing Fourier series models 

are not readily derimble, mre formal Fourier t r ans fom techniques 

mny be employed. 

For those a c t i v i t i e s  whose force and 

Use of Fourier Transform i n  Zrew Motion Modelin& 

A t i m e  his tory (o f ,  sey, a 

motion disturbance),  F ( t )  has e 

force or  merit component of e crew 

Fourier trans form 

and since F ( t )  can be assumed t o  be zero for a l l  time except 0 e t < tf, - -  
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This equation is essentially equivalent to the two equr-tims 

used to compute the An’s and B ‘ s  in the preceeding section, sin.-e n 

-iwt = e - cos wt - i s i n  ut 

It is used when the force or vurent component possesses a Contuuow 

f’reqwncy spectrum, rather than a few discrete frequencies as is the 

case in the preceeding Fourier series discussion. 

situations involving crew motion disturbance forces and moments, 

frequency content is limited to a range, say 

In practical 

I w l  5 Iw,~ , vhere uf may be arbltrq. 

Thus f(o) would be essentially zero for all 

functions, F ( t ) ,  can be expressed as (from ref.6). 

> luf1* and the tine 

These relations, f ( w )  and F(t), constitute a Fourier transfoim pair, 

and apply to continuous wave fnrms, and thus have somewhat limited 

use (e.g., in andog computer simi~ations 3r analyses). 

For most applications involving control system analyses (at 

least in  recent yeus) ,  the high-speed digital computer is utilized. 

This in turn requires hat discrete versions of the Fourier transform 
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be used, and, of course, all vave forms or functions must be sampled 

and not continuous. 

The discrete Fourier transform pair associated with I(@) and P ( t )  

respectively are 

and 

k=l  

N 

j =1 (32) 
(k = 1, 2, ... N) 

where N is the number of samples in the ueueform. F(k) and 1(j) 

are generally complex sequences defining functions in the time and 

frequency domains respectively, The index k refers to B sample 

period number from the time history, and the index j represents 

a harmonic of the basic frequency in the frequency function. The 

time and frequency corresponding to these indices can be found from 

the relations 

tk = (k-1) A t  

A note of caution is required. The sequences f(j) and F(k) are 

periodic over N because of the exponential in equations (31) and 

(3). In obtaining the response of a control system, for example, 
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this periodicity becomes of concern when the force or mameat input 

is convolved with the transfer function of the system under study. 

Consider the following application of crev disturbance modeling. 

A time history representing disturbance forces and moments will 

be a real function; hence, the sequence F(k) will be real, and 

the sequence f(j) of the discrete Fourier transform will be complex 

and exhibit the properties that 
B (1) Re f ( j )  = Re f(N+2-j) (J=2, 3, ...z ) 

end 

That is, the real part of f ( j )  

w = - w 

imaginary part of f(J) is antisyrmetric about wf. Since the 

sequence f(J) is periodic, Re f(j) 

function, and Im f ( j )  an odd function. The Fourier coefficients 

f(z + 2) .  ..f(N) 

for frequencies between 

For the time history being used, enough semples, B, must be available 

is symmetric about the frequency 
N 

f 2 0' 
which is referred to as the "folding frequency," and the 

can be considered an even 

I4 can be thought of as the negative frequency harmonics 

- (tuf - wo) and do. 

to insure that all expected frequency content of the input is at 

frequencies lower than the folding frequency w = - TI . Also, the 

transfer function of the control system being studied, H ( s ) ,  ( 8  = iw), 

must be adequately described between w = wo and w = w If the input, 

F(t) is not periodic over the interval t = o to t = ti, then an 

incorrect system response r(t ) will be obtained from convolution 

tf 

f' 
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of the  input with t h e  t r ans fe r  function. 

response an additional N terms of zero lnagnitude should be added t o  

the  Input sequence t o  obtain a sequence of 2N terms. The discrete 

Fcurier transform, t h e  inverse transform, and hence the convolution 

involving t h i s  2lJ - term sequence will then be periodic over 21 

points,  and an I-point convolution of F(k) end H ( s )  w i l l  y ie ld  

the aperiodic convolution of two N-point sequences. The t r ans fe r  

function, H(m), is defined as 

To obtain t h e  correct  

H ( m )  = H [ i  wo ( m - l ) ]  m = 1, 2,...N+1 

over t h e  first (N+1) points,  and 

€I (N + 1 + j) = con3 H(N + 1 - 3 )  j = 1, 2,. ..81-1 

over t h e  remaining ( N - 1 )  points, for  a t o t a l  of 2I4 points in t h e  

sequence. Convolving U(m) and f ( m )  over m= 2N points gives the  

frequency response array 

R(m) = H(m) f ( m )  m = 1, 2,...2N 

The inverse discrete Fourier transform given by equation32 can be 

applied t o  Rim)  and the  seapled output response, f ( t ) ,  can be 

obtained from 
r (m) = Re R(m)  m = 1, 2,...IJ 

by noting that 
t 

N 
t ( ~ 1 )  At (m - 1) 

The system response t o  the  crew motion disturbance Input over the  

in t e rva l  0 C t < tf has then been obtained. - -  



Crew Motion Disturbance Amroximtion by F i l t e r ed  Random Boise 

A great majority of astronaut crev motions have been, and 

undoubtedly w i l l  continue t o  be, associated wiLh long-term, 

e s sen t i a l ly  continuous, a c t i v i t i e s  such as experiment console ronito- 

r ing,  EVA preparations,  meal preparations,  o r  exercising. 

a c t i v i t i e s ,  or combinations of a c t i v i t i e s ,  are cccmposed of more or 

l e s s  random body movements. The resu l tan t  forces aad momcots thus  

appear somewhat random i n  nature,  and resemble s tochas t ic  processes. 

This sect ion w i l l  d iscuss  the modeling of crew motion disturbance 

forces and moments ( fo r  continuous a c t i v i t i e s )  by t r e a t i n g  them 

as stochast ic  processes. 

These 

A s tochas t ic  process can be defined as a family of functions of 

t i m e ,  

can occur w i t h  some probabi l i ty  p) of some "experiment" (ref. 14). 

A relevant example might be the force applied along the  y-axis 

astronaut performing a t a s k  such as preparation of a meal or taking 

a shower. The first time the  t a s k  is performed ( taking some length 

of t i m e ,  T) the  applied force h is tory  could be represented as P 

The second performance would probably involve s l i g h t l y  d i f f e ren t  

y (t), t h e  r ea l i za t ion  of which depends on an "outcome" ( w h i c h  i 

an 

(t). 
Y 1  

movements, and the  force his tory 

determinis t ic  sense, from F (t). 

would be expected t o  be d i f f e ren t  
y1 

F ( t )  would be d i f f e ren t ,  i n  a 
y2 

Similarly,  F (t), F (t), etc. 
y3 y4 

from each other. For a single 

performance then (a given i) F (t) denotes 
Y 

For a spec i f ic  time t for any performance J 

a s ingle  time function. 

F is a randon! var iab le ,  
Y 
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dependent upon the  performance 5. Final ly ,  f o r  a given performance 

at a given time, F (t ) i s  a s ingle  number. 
y i  

Since a s tochas t ic  process caa be thought of as a time series 

of random variables  then the s t a t i s t i c s  of the  random variable  (such 

as mean, variance, autocorrelation, e t c )  can be used t o  character ize  

the process. 

If t h e  random process under consideration is s ta t ionary  (i.e., 

its s t a t i s t i c s ,  such as mean, variance,etc.,tire not affected by 

a shif't i n  the t i m e  axis), the  s t a t i s t i c s  w i l l  not be affected by a 

shift in t he  or ig in  of the time axis. 

h v t h e r ,  i f  the s t a t i s t i c s  of a random process can be determined 

from a s ingle  function ( i n  the present example F 

process, then the  process is  said t o  be ergodic, and the various 

( t)  ) of t h e  
y i  

s t a t i s t i c a l  parameters are expressible as time averages. For a 

s ta t ionary  random process (again use F (t) ) the power spectrum 

is the Fourier transform of its autocorrelation R(T) given as 
Y 

where (from ref. 15) 
T/2 

R (t) = Urn$/ Fy( t )  . Fy (t + 'I) d t  
( 34) T + - T/2 

end 'I is a time "lag" between two semples of the  time function 

Fy( t ) .  It should be noted tha t  the ecpation defining R ( T )  assurea 
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0 

a constraint  which is essen t i a l ly  the  same as that discussed in a 

previous sect ion (see eqn 26). 

Once the power spectrum has been obtained f o r  a given force o r  

moment h is tory ,  appropriate mathematicel filters can be developed 

so t h a t  a f i l ter  output,  when excited by some standard input (raudam 

or "white" noise is convenient t o  use) ,  possesses t h e  same power 

spectrum cha rac t e r i s t i c s  as t h e  force or moment h is tory  being modeled. 

I n  equation form 

using t h e  example of t he  force F 
Y. 

The next sect ion presents a developmt..;, using z-transform 

techniques, of an extension of t h i s  model. 
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A z-TRANSFORM TECHNIQUE FOR CREW MOTION MCdELING 

As previcusly noted, many crew motion disturbancemodeling techniQues 

will f ind  use i n  d i g i t a l  computer simulations and analyses oLc is-cecraft 

s t ab i l i za t ion  and control  systems. 

real-world d i f f e r e n t i a l  equations used t o  describe physical systems makes 

use of difference equations, i n  contrast  t o  the  use of in tegra tor  ele- 

Dig i ta l  computer representations of 

ments i n  an ana3ag computer. Formulatiorr of these difference equations 

fo r  use on the  d i g i t a l  computer can, i n  many cases,  be most ea s i ly  accom- 

plished by employing 2-transform wthods.  The purpose of this sect ion is 

t o  develop the  methodology fo r  generation of difference-equation repre- 

sentat ions of crew motion disturbance models, thrcugh use of z-transform 

techniques. 

If  f ( t )  is a continuous Pmction ( i n  the time domain), then the  

z-transform of the  sequence f ( n  A t ) ,  obtairied by sampling f ( t )  every 

4t  seconds i s  defined as 

0 

Z[f(n At) ]  = F ( z )  = C f ( n  At)z-" 
n+O 

where E is a complex var iable  and 

1 I z l  '; (37)  

where p is the  radius of convergence of the se r i e s  f ( n  At)z-" ( r e f .  16) ) .  

It is noted t h a t  t he  z-transform can be re la ted  t o  the Laplace transform 

by 
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8 A t  z = e  (38) 

where s i s  the  Laplace v?nriable. 

Reconsider t he  f i l tered random noise representation of crew 

motion disturbances which was outlined i n  an earlier sect ion of t h i s  

paper. 

sen t  t h e  f i l t e r  s t ruc ture ,  w i t h  power spec t ra  computed i n  the frequency 

domain. It has beer, noted ( r e f s .  17,  18, 19) t h a t  Laplace (o r  Fourier)  

transforms of sampled functions r e su l t  i n  i n f i n i t e  series, which are 

nocalgebraic (containing fac tors  of the  form e ), making handling 

of sampled-data, o r  d i sc re t e ,  systems more involved and of ten unwieldy. 

Use of the  z-transform i n  describing the  t ransfer  function of the  model 

f i l t e r s  enables the  der ivat ion of difference equations which are readi ly  

programable on the d i g i t a l  computer. The following discussion develops 

the  applicable theory f o r  obtaining t h e  requis i te  difference equations. 

It should be noted tha t  t h i s  development is most amenable fo r  use w i t h  

a c t i v i t i e s  of an essen t i a l ly  random nature,  whose force and moment time 

h i s t o r i e s  would be expected t o  possess r e l a t ive ly  smooth power spectra.  

Short-tern, discrete, a c t i v i t i e s  would be more su i ted  t o  modeling by 

other ,  detc:-linistic techniques. 

I t  is reca l led  tha t  Fourier transforms were u t i l i z e d  t o  repre- 

s At 

Assume a set of N data points  as a result of obtaining a force o r  

moment t i nv  h is tory  (M) from same laboratory or experimental creil motion 

disturbance measurement a c t i v i t y . .  The sampling period, which w i l l  be 

assumed t o  be conatant, is bt.  A t h i r d  assumption which w i l l  be made is  
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t h a t  the data, represented by t h e  N data points ,  has zero mean. Fol- 

lowing Blackman and Tukey (refs, 15 and 2u), the cor re la t ion  function is 

first determined a8 

T/2 
R ( T )  = l i m  - f M(t)M(t + ?)d t  

-T/2 
1 

T + -  

which, f o r  the  discrete case,  can be wri t ten t ~ s  

(39) 

where 

ple  of AT (T = n A?). 

T is commonly referred t o  as the "lag" end is an integer  m u l t i -  

The one-sided power spec t ra l  density (PSD) is t,iven as the  d i sc re t e  

Fourier transform of the  autocorrelat ion 

The PSD, S ( w ) ,  is a real, p r s i t i v e  function oi w. This is the  

function t o  be ntodeled. 

The next s t ep  is  t o  assume a t r ans fe r  function, H ( R ; ,  which w i l l  

be excited by a random, o r  "white," noise input t o  y i e ld  an output wifh 

the  power spectrum charac te r i s t ics  of t h e  time h is tory ,  m. H( 8 )  is 

an "open-loop" t r ans fe r  function, and the output PSD as a function of w 

can be determined i n  a conventional manner a8 

31 



vhere H ( i w )  = H(s) 1, = io 

It is  now necessary t o  define a form for  H(s) which w i l l  give +he 

I n  the  frequency domkri, t h i s  f i l t e r  mu.-+ yield appropriate output PSD. 

a zero output a t  zero frequency, i n  order t h a t  a resu l tan t  force o r  

moment his tory not exhibi t  a b ias  (which would r e s u l t  i n  addition of net 

momentum t o  the  spacecraft dynamic system). Accorc?ingu, an arbitrary 

t r ans fe r  function is assumed; following Herldricks and Johnson (ref. 7) 

t h i s  function might be specif ied as 

If it i s  assumed t h a t  a rantom (Gau 

of unity,  t h e  model PSD as a function of w is { f s m  equations :42) and ( 4 3 ) j  

'-.. ' . '.me input w i t ? ?  ar, rms -:ilue 

8- (44) pw2 
2 s(w)  = 

output 1 + B w + B w4 + B w6 + B4 w 1 2 3 

where A and B i ( i  = 1 - 4 )  

a, bl, b2, cl, c2. 

model PSD (equation ( 4 4 ) )  t o  tho memured PS? (equation ( 4 1 ) ) .  

are functions of the  f i l t e r  parameters 

A method of curve-f i t t ing must be used t o  fit the  

A form 

of leet-sqmrte curve-fi t  al&orithm could be u t i l i z e d  t o  determine the  

factor8 A m d  Bi, and hence the  f i l t e r  parameters. 
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Once the  transfer function has been defined in the  frequency domain, 

derivat ion of an equivalent d ig i ta l  f i l ter  is pursured. 

noted t ha t  the  f i l t e r  being develcped (for use on d ig i ta l  ccmplters) will 

I t  should be 

essent ia l ly  receive input from a d i g i t a l  sampler, those outplut can be 

considered a series of impilses. I n  order to mre accurately represent 

the continuous input to ti-e continuuus f i l ter  being modeled, t h r  zero- 

order hold is conmionly used (ref. 21). 

t h i s  "element" is given by 

The mathematical formulation f o r  

- s A t  1 - e  
H Z o h ( s )  = S 

(s) must be included u i t h  the f i l t e r  t r ans fe r  fun<- The fac tor  - i n  Hzoh 

t i o n  H(s), and use is made of equation (38)  t o  Gbtain t h e  d ig i ta l  f i l t e r :  

1 
S 

where 

For t h e  present problem, H (s) becomes 1 

a 
H1(s? = 2 2 2  2 

( S  - 2blS + c ) ( s  - 2b S + c2 ) 1 2 

The transfer function H (s) given i n  equatio.1 (47) pcsses poles 

(which w i l l  be complex for  most cases) at 
1 

(47) 
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To obtain the  d i g i t a l  f i l ter ,  H(z) ,  corresponding to t h e  model filter 

( v i t h  zero-order hold) H (s), Cauchy’s residue theorem (and eqn. 38) can 1 

where I 

value of the k t h  pole. 

clude a l l  poles pk. From equation (481, a r a t i o  of polynomials in (e’)  

can be obtained: 

= number of poles of H ( 8 )  ( i n  this case N = 4) and pk is the 

The path of in tegra t ion  i n  the z-plane must in- 
P 1 P 

1 

‘It would have been as easy t o  obtain a r a t i o  of polynomials i n  2; 
however, 9s w i l l  be seen, t h e  given r a t i o  has c e r t a i n  advantages i n  
subsequent developnents. 
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where the a's ud B's are fbnctiaas of a, bl, b2, cl, c2. 

The transfer h e t i o n  input-output relation cen w x  be applied t o  

determine the difference equations to be used on the digital ccmputer. 

It is first noted from z-tran8form theory (refs .  16 and 18) that UI 

inverse transform be e.prrssed as 

for the sample sequence where t - > 0, g(a A t  + m A t )  

sample from some time history g(t)  vhose z-transform is G(z), and 

&(t - n At) is an impulse function. Equation (49) is rewritten as 

is a discrete 

The inverse e-transform of equation ( 5 1 )  is tsken term by term to y i e l d  

m W 

Po f ( n  At)6(t - n At) + 8, C f [(n - 1)&] 6Ct - n At) 
n=O ntO 

+...+ Bm C f 1(n - m)At] 6 ( t  - n A t )  
P O  

00 W 

* Qo g(n A t ) b ( t  - n A t )  + a C g[(n - l)At]s(t - n A t )  
ne0 n d  

35 



which is the difference-equation descr ipt ion of the  process obtained by 

passing the  "white" noise s igna l  through t h e  f i l ter  H. Rewriting 

equation (53) as 

1 a 0 a 
f ( n  A t )  = - g(n At) + - g[(n - 1 ) C t I  +. . . 

60 60 

a, B, 
f[(n - l )At ]  g[(n - lL)At]  - - I + 

00 

m 8 $2 
60 $0 

- - f [ (n  - 2)At) l  - . . . - - f [ ( n  - & ) A t ]  (54) 

it is seen that the  output f (t ) , t = nAt , is a f'unctlon of the backward 

differences of i n p t  end output or ,  i n  other words, t h e  output at a given 

sample ins tan t  is dependent on both output and input a t  earlier sample 

instants. The quant i t ies  g(nAt) w i l l  be values from t h e  "whi t e"  noise 

8equence, and as such, w i l l  be merely a se t  of normally d is t r ibu ted  random 

numbers with a mean of zero and a variance of unity. 

Implementation of equation (54) on a d i g i t a l  computer i s  s t ra ightfor-  

ward. Since the  difference equation was developed f o r  t > 0 ,  t h e  values of 

input and output pr ior  t? t = 0 (i .e. ,  g(-Att), g(-!LAt), ..., f ( - A t ) ,  f(-LAt), 

- 

e tc . )  can be taken as zero. 
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Example 

As an i l l u s t r a t i v e  example of t h e  u t i l i t y  of t h e  difference-equation 

descr ipt ion of a fi l ter  output, corisider a relatively simple filter 

s t ruc tu re  t o  be given by 

s 
(s+2) ( s+4  1 H(s) = (55) 

Following equations ( 4 5 )  and (461, t o  include t h e  requisite zero-order 

hoid, and eqiiation (48) ,  H(z)  can be obtainecl as 

Assuming A t  = .005 see., H(z) becomes (after s implif icat ion)  

H(z) = -00492558025 2-l - .00492558025 z-* -2 
(57) 

1-1.970248507 z-l + .9704455927 z 

The difference-equation relat ion between input ,  x and output, x w i t h  

xi being given as a sampled input, can be w r i t t e n  
i’ 0’ 

xo(nAt) = .00492558025 x. [ (n-l)At]-.OO492558025 xi[ (n-2)AtI 
. (58) 1 

.I . 
+ 1.970248507 xo[(n-l)At1 - ,9704455927 x 0 [(n-2)At] 

To ascertair t h e  accuracy of equation (58) i n  describing a system, 

output response t o  a un i t  s tep  function’ through t h e  f i l t e r  was 

determined using a small  desk-top cmputer system. Figure 4 shows 

a p lo t  of t h e  equivalent analog response ( s o l i d  curve) wi th  t h e  

’The unit s t ep  function is defined (ref. 17)  as having the  value 1 fo r  
pos i t ive  time, t ,  0 for  negative t, and 1/2 fo r  t = 0. 
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difference equation output for comparison. 

figure 4, the difference-equation result is essentially equal to the 

analog curve after 0.4 seconds. 

minus difference-equation) between the two results for the same 2.5 

second period shown in figure 4. 

description with the analog result is within two percent from 0.4 

seconds on. 

As can be noted from 

Figure 5 gives the difference (analog 

Agreement of the difference-equation 

Next, response of the filter (equation (57) ) to a random noise input 

will be examined for its implementation characteristics. 

The technique used to digitally generate pseudo-random numbers for 

input t o  this problem consisted of first obtaining pseudo-random numbers 

uniformly distributed on the interval (0, 1) through the relation 

u = Fractional part  of [(n + u 18] ( 5 9 )  i i-1 

Notmally-distributed pseudo-random numbers, 

variance are then generated from (see ref. 22 ) 

Ni, with mean 0 and unity 

= (-2 ln Ui)1’2 cos (2n ui+l) 

- (-2 In ui)1’2 sin (2n ui+l) Nl+l 
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where ui and u must be independent uniform variables .  This 

condition necess i ta tes  the  use of two sequences of t h e  form given by 

equation (591,  with separate i n i t i a l i z i n g  uniform random numbers. 

i+l 

The Ni generated are used as s t e p  inputs t o  t h e  difference- 

equation f i l t e r  descr ipt ion (equation (58 ) ) .  

ing a pseudo-random noise  sequence t o  t he  present f i l t e r  i s  given as 

figure 6. 

that can be developed from fi l ters of t h e  form (o r  similar form) used. 

A sample r e s u l t  of apply- 

This figure indicates  t he  types of "random" time h i s t o r i e s  

CONCLUDING REMARKS 

The object ive of t h i s  t h e s i s  has been t o  present an out l ine  of t h e  

methods or  techniques which have become avai lable  t o  represent crew 

motion disturbances i n  a manned spacecraft .  

payloads, crew s izes ,  and cont ro l  systems contemplated fo r  fu ture  space 

missions require  tha t  updated methods of control  system sizing,  design, 

and ana lys i s  be u t i l i zed .  The techniques included herein highlight both 

analytical and experimental approaches. 

these  techniques i s  t h e  z-transform appl icat ion,  developed here specif i -  

c a l l y  for time-domain d i g i t a l  computer appl icat ions requir icg a var ie ty  

of -&ssible crew motion disturbance inputs. An example i l l u s t r a t e s  t he  

e a ~ e  of implementation of t h i s  method, which ease should enhance i t s  

u t i l i t y  i n  any fu ture  s tudies .  

The wide va r i e t i e s  of 

Of perhaps grea tes t  u t i l i t y  of 

Several other crew motion disturbance modeling techniques have been 

presented. 

t o  ground-based simulations by a f e w  invest igators ;  i n  addition, t h e  

The th ree  determinis t ic  methods discussed have been applied 
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dynamic model of man has been investigated i n  a f l i g h t  experiment. 

t h e  thre, so-called s tochast ic  methods presented, t h e  f i l t e r e d  random 

noise technique has been perhaps t h e  most useful ,  i n  frequency domain 

s tudies  of  t h e  Skylab experiment pointing cont ro l  system. 

domain appl icat ions of t h i s  technique, i n  conjunction with pure Fourier 

transform methods have a l so  been u t i l i zed .  

Of 

Some time 

An appendix is included i n  t h i s  thes i s ;  it derives a set of basic  

equations of motion for  a spacecraft  with applied disturbance which, 

although requir ing numerical solut ions,  can be used with many of the  

crew motion disturbance models (as well as w i t h  other  types of defined 

disturbances).  

It is  ant ic ipated t h a t  results of the  research e f f o r t s  reported 

herein would be most useful i n  i n i t i a l  s iz ing  s tudies  of a t t i t u d e  con- 

t r o l  systems; of almost equal u t i l i t y  would be t h e i r  incorporation i n t o  

ex is t ing  simulation programs (both a l l  computer and computerlhardware 

hybrid). 

t h i s  t h e s i s  are not intended t o  be al l - inclusive;  no t a b l e s  of para- 

meters t o  use with various models are given, nor are spec i f ic  inplemen- 

t a t i o n  schemes suggested. 

t he  subject of crew motion disturbance modeling has resulted, with 

enough d e t a i l  t o  f a c i l i t a t e  sppl lcat ions t o  a var ie ty  of control  system 

analyses. 

Final ly ,  it should be noted t h a t  the  results contained i n  

It i s  fe l t  that a more diverse  treatment of 
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Appendix 

Development of Spacecraft Dynamics Equations 

In  an invest igat ion of astronaut crew motion disturbance effects, 

r e l a t ions  between disturbance force and moment inputs  and spacecraft  

response outputs are needed. Spacecraft a t t i t u d e  CM be expressed 

i n  terms of Euler  angles or  direct ion cosines which i n  tu rn  are 

expressible as in t eg ra l  functions of angular ve loc i t i e s  about space- 

c r a f t  body-fixed axes. In order t o  obtain a t t i t u d e  response 

informa3ion, then, it is  first necessary t o  determine these angular 

veloc i t ies ,  o r  body rates. This appendix presents a der ivat ion of  

t he  spacecraft  dynamic equations, with one a rb i t r a ry  moving mass, 

based on momentum considerations (refs. 23 and 24). 

w i l l  be used fo r  its economy i n  notation. Figure 7 i l l u s t r a t e s  t h e  

vector re la t ionship  between the spacecraft  body-fixed axis '6 yb % 
and ,.Aertial axes XI YI ZI. 

A vector approach 

The angular momentum of a spacecraft ,  define6 in coordinates 

of t h e  body-fixed axis  system (or ig in  at 0 i n  figure 7) is  t h e  

sum of  the angular momenta of all of i t s  mass elements, o r  

and the  momentum of i t s  mass center i d  

Hcm r m s  x m s Rms 
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Figure 7 - Relationship between body-fixed and i n e r t i d  
axes e 
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"he t o t a l  . sgu la r  momentum about the  spacecraft mass center i s  then 

or 

where 

The cooi,-Lnates of the  spacecraft  mass center ,  r , are given by 

is t he  angular veloci ty  of the  yDYb\ axis system, 

- 
m s  

Equation (Ab) can be rewritten usint  the  relacion (A5)  as 

or 

mj" 
For convenience, first consider t he  spacecraft as a r i g i d  body; F 

r 0, snd a rigid-body angular momentum can be expressed using 

cquaclon (A?) 88 

. - 
m 



or  by using eleiuentary vector analysis 

0 - Ixz  X 
Ix -I 

XY 

- 

-I -I W 

r .zognizing ce r t a in  quant i t ies  Cefined as Foments of i n e r t i a ,  t h e  

riaid-body momentum can be w r i t t e n  i n  matrix form as 

It should be qoted t h a t  t he  moments of i n e r t i a  are about axes 

through t h e  center of mass of the spacecraft. 

Consider t h e  or igin 0 to be a t  the center of mass 

of t h e  spacecraft (taken without any moving masses); then the 

cornideration of some number of moving masses, k, permits t h e  

expression of (say) t h e  x centroidal axis moment of i n e r t i a  tm 

n-k n 
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Hen the  first term on the  right-hand side of equation ( A l i )  

represents  t he  spacecraft  moment of i n e r t i a ,  exclusive of any moving 

nmsses, and can be assumed constant f o r  maw analyses. 

term is the moment of inertia due t o  

The second 

K moving masses, rcferrtd to  the 

o r ig in  0. 

paass center  of the spacecraft  and moving maSses (crew, f o r  example). 

The t h i r d  term is  the i n e r t i a  s h i f t  t o  the o v e r d l  

For convenience i n  subsequent deve lcpen t ,  assume only one 

moving mass m located at a distance r from the or ig in  0.  !he 

nomeat of i n e r t i a  about t h e  x-axis ( cen t r a ida l l  can now be wri t t en  

as 

where I 
The distance from t h e  o r ig in  0 t o  t h e  m a s s  center ,  r 

i s  the  first term on the right side of equation (All). 
X ' O  

is now 
S '  

m r  r - -  
S m- 

J 

aad 

Ix = I + (m- - m2) (y*  + 2 2 )  
P 

S x 9 0  

Defin iw a rnabs factor (4 as 

the x-axis moment of i n e r t i a  can be wri t ten 

(A131 
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All moments and products of inertia can be expressed in a 
similar manner: 

I x  - - I x e  o +  Q(y2 + 2') 

Iz - - Izao  + a h 2  + Y2)  

I = I  q'o + Q ( W )  

I = I + Q(x' + 2') 
Y Y' O 

xy 

+ Q h z )  

IYZ = Iyzao + Q(Yz) 

- 
I X Z  - I X Z * O  

Again corisidering a l l  mass element.s, from equation (wlf is obtain& 
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Similarly, from equation ( ~ 2 )  

From equation (A31 

dt dt at 

Newton's force equation, through the mass center is 

.. - - 
F = ms Rms 
S 

Equation (A25) can now be written 

Further, the total moment about the origin (1 is 

Equations (A271 and ( ~ 2 8 )  can be combined to yield 

(A24 1 

(A251 

(A27 1 
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For most problems involving spacecraft ro ta t ions  (of pr inc ipa l  

concern in t h i s  development) the  external force appl icat ions l inked 

v i t h  mass center = h i f t s  can be neglected. !L'hw, the  applied moment 

about 0 vi11 equal t h e  der ivat ive of the  angular momentum about t he  

overa l l  mass center:  

Combining and rearranging equations ( A 7 1  and (A81 yie lds  

and (considering only one moving mass m a t  distance r from 0)  

equation (A30) can be expanded as 

. - - - - -  - 
Mo = d Hcm = - d ( r l t r n r - r  r + K )  ( A 3 2 1  ms' ms ms rb  

d t  - 
d t  

- 
Using equation ( A U )  t o  subs t i t u t e  for  rms and r equation ( A 3 2 )  

becomes 

DS ' 

. 
d t  [Q(r r) + - 1  H~~ ( A34 

e -  - Also 
- 

Mo - 
by making use of equation (Al5) .  

Expanding equation ( A 3 4 )  r e su l t s  i n  
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- 
Now, by substituting for Hrb (and Erb) by making w e  of equation 

(U), equation (A35) can be expanded to yield the components of - 
Mo about the Xb -, Y - , and Zb- axes : 

IXyWX)  wz ( Iywy YZ 2 
- 1 w -  

1% = Q [(z: - x;) + wz ( y k  - zi) -wX(G - fx)] + (I + w - 
Y Y  Y Y  . 

- w I  - I  fi - 0 1  ) + U ( I W  - I  w - I  w ) -  
Iyzwz z yz xy x X x y  z x x  W Y  xz 2 

"x (Iz"z xz x yz y - I  w - I  0 )  

. . . - I  d-) - w I - I il - w I ) +Ox(Iywy - I w 
IXZ"X x xz YZ Y Y YZ YZ 2 v x  

If the moments Mx, My, and MZ andcoordinates for the moving mass 

x, y, z are expressed as functions of time, then equations (~36) 

can be numerically integrated to find the body rates w w ,and wz. 
x' Y 
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